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Abstract
We analyse holographic field theory dual to Lovelock Chern-Simons AdS Gravity
in higher dimensions using first order formalism. We first find asymptotic symmetries
in the AdS sector showing that they consist of local translations, local Lorentz rota-
tions, dilatations and non-Abelian gauge transformations. Then, we compute 1-point
functions of energy-momentum and spin currents in a dual conformal field theory and
write Ward identities. We find that the holographic theory possesses Weyl anomaly
and also breaks non-Abelian gauge symmetry at the quantum level.
1 Introduction
The AdS/CFT correspondence [1] relates the fields in (d+ 1)– dimensional asymptotically
anti-de Sitter (AAdS) space and correlators in a d-dimensional Conformal Field Theory
(CFT). These two theories are dual in the asymptotic sector of gravity, such that the weak
coupling regime of one is related to the strong coupling regime of another. For a weak
gravitational coupling, the bulk theory is well-described by its semiclassical approximation,
leading to the form of the duality most often used.
Since its discovery, the correspondence tools have been applied to many strongly coupled
systems, giving rise to new insights into their dynamics, for example in hydrodynamics [2]
and condensed matter systems such as superconductors [3].
On the other hand, much effort has been invested in analysing the duality in semiclas-
sical approximation of a bulk theory, with twofold purpose. First, it enables to test the
conjecture itself. Second, it helps us to gain the knowledge about strongly coupled systems
which are non-perturbative and not very well understood. However, most of this investiga-
tion deals with Riemannian geometry of bulk spacetime, see for example [3, 4, 5, 6, 7, 8],
while a more general structure based on Riemann-Cartan geometry, where both torsion and
curvature determine gravitational dynamics, is mostly underinvestigated. One of the first
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studies of Riemann-Cartan holography used first order formalism to obtain a holographic
dual of Chern-Simons AdS gravity in five dimensions [9]. After that, in three dimensions,
holographic dual to the Mielke-Baekler model was analysed in [10], and to the most general
parity-preserving three-dimensional gravity with propagating torsion in [11]. The physi-
cal interpretation of torsional degrees of freedom as carriers of a non-trivial gravitational
magnetic field in 4D Einstein-Cartan gravity was discussed in [12].
Studying holographic duals of gravity with torsion has many benefits. Since its setup is
more general, it also contains the results of torsion-free gravity. One of the very important
features is that treating vielbein and spin connection as independent dynamical variables
simplifies calculations to great extent. In Ref. [11], it was shown that for three dimensional
bulk gravity conservation laws of the boundary theory take the same form in Riemann-
Cartan and Riemannian theory when the boundary torsion is set to zero. Thus, it is possible
to treat vielbein and spin connection as independent dynamical variables and reproduce
Riemannian results in the limit of zero torsion. In this work, we extend the results of [11]
to all odd dimensions in case of holographic theory dual to Lovelock-Chern-Simons AdS
gravity, by reproducing the conservation laws with respect to diffeomorphisms, Weyl and
local Lorentz symmetry using first order formalism after taking a Riemannian limit.
Working in the framework of gravity with torsion also leads to richer boundary non-
Abelian symmetries, as it is explicitly demonstrated for the particular model studied in this
paper.
We analyse a holographic structure of Lovelock Chern-Simons AdS Gravity [13, 14] in
asymptotically AdS spaces. The key feature of this model is that it possesses a unique AdS
vacuum, which is multiply degenerate in odd D ≥ 5 dimensions. Unlike general Lovelock-
Lanczos [15] gravity, it contains only two free parameters – gravitational constant κ and the
AdS radius ℓ. This theory also features a symmetry enhancement from local Lorentz to AdS
gauge symmetry. Degenerate vacuum makes the linear perturbation analysis not applicable
around the AdS background. The holographic study in AAdS spacetimes, however, is non-
perturbative, because the gravitational fields in a dual theory are not dynamical but they
play the role of external sources for the CFT matter. Indeed, the holographic theory will
remain fully non-linear in gravitational fields, what will be explicitly shown in Section 4. On
the other hand, these theories couple successfully to external sources [16], which are stable
in the framework of LCS supergravities [17].
The paper is organized as follows. In section 2 we introduce the holographic ansatz
for the fundamental dynamical variables and we arrive to their radial expansion in the
asymptotic sector. Expressed in terms of the metric, it reduces to Fefferman-Graham ex-
pansion [18]. We also analyse corresponding residual gauge symmetries which leave this
ansatz invariant. In Section 3 we focus to the holographic quantum theory and derive the
Noether-Ward identities. In section 4 we focus on Chern-Simons-AdS gravity in arbitrary
odd dimensions and compute 1-point functions in the corresponding dual theory, which are
energy-momentum and spin currents. We show that translational and Lorentz symmetries
are present also at the quantum level, but the Weyl anomaly and non-Abelian anomaly
arise, breaking the conformal and non-Abelian symmetries quantically, the former being
proportional to the Euler density up to a divergence. Our results generalize the ones of [9]
from five to arbitrary dimensions. Our calculations are simplified to great extent by using
the results of [19]. Section 5 contains concluding remarks, while appendices deal with some
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technical details.
Our conventions are given by the following rules. On a D = d+1 dimensional spacetime
manifoldM , the Latin indices (i, j, k, . . . ) refer to the local Lorentz frame, the Greek indices
(µ, ν, ρ, . . . ) refer to the coordinate frame. The symmetric and antisymmetric parts of a
tensor Xij are X(ij) =
1
2
(Xij + Xji) and X[ij] =
1
2
(Xij − Xji), respectively. The d + 1
decomposition of spacetime is described in terms of the suitable coordinates xµ = (ρ, xα),
where ρ is a radial coordinate and xα are local coordinates on the boundary ∂M . In the
local Lorentz frame, this decomposition is expressed by i = (1, a).
2 Holographic anzatz
We are interested in a gravitational theory which possesses a local AdS symmetry. The
presence of local spacetime translations and spacetime rotations introduces naturally the
vielbein and the spin-connection as the fundamental fields. Our goal is to gauge fix this sym-
metry by imposing a set of conditions on the fundamental fields in a such a way that it singles
out a particular coordinate frame which is suitable for a description of a holographically
dual theory. This frame should be consistent with the known Fefferman-Graham coordinate
choice used on the Riemannian manifold. All the properties that follow from this gauge-
fixing are purely kinematical and can be applied to any gravity invariant under local AdS
group. To include the dynamics we focus, in particular, on Lovelock-Chern-Simons gravity.
2.1 AdS gauge transformations
In a theory with local AdS symmetry, the fundamental fields are components of a gauge
field (1-form) for the AdS group SO(D − 1, 2) (see appendix A) and is defined by
A =
1
ℓ
eˆAPA +
1
2
ωˆABJAB , (2.1)
where ℓ is the AdS radius. For the sake of simplicity, we set ℓ = 1. Gauge transformations,
parameterized by λ := ηAPA +
1
2
λABJAB, act on the gauge field as
δ0A = Dλ = dλ+ [A, λ] , (2.2)
wherefrom we get the transformation law of the fundamental fields,
δ0eˆ
A = ∇ˆηA − λAB eˆB ,
δ0ωˆ
AB = ∇ˆλAB + 2e[AηB] . (2.3)
Here, the ωˆ-covariant derivative is ∇ˆηA := dηA + ωˆABηB . The AdS field strength F =
dA+ A ∧ A has components
F = TˆAPA +
1
2
FABJAB , (2.4)
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which are the torsion 2-form TˆA and AdS curvature FAB,
TˆA =
1
2
TˆAµνdx
µ ∧ dxν = deˆA + ωˆAB ∧ eˆB ,
FAB =
1
2
FABµνdx
µ ∧ dxν = dωˆAB + ωˆAC ∧ ωˆCB + eˆA ∧ eˆB . (2.5)
The wedge product sign is going to be omitted for simplicity from now on in the text. The
global AdS space is described by a Riemannian manifold (TˆA = 0), whose AdS curvature
vanishes (FAB = 0), and where the Riemannian curvature RˆAB = dωˆAB + ωˆAC ∧ ωˆCB
becomes explicitly constant, RˆAB = −eˆA ∧ eˆB.
2.2 Radial expansion and residual gauge transformations
We use the radial foliation with the local coordinates xµ = (ρ, xα) and the Lorentz indices
decomposed correspondingly as A = (1, a). The asymptotic boundary of the manifold is
located at the constant radius ρ = ρ0. For convenience we set ρ0 = 0.
Gauge fixing. There are two types of local symmetries, small and large, depending on how
they behave asymptotically. Small local symmetries are characterized by the parameters
which go to zero at infinity and all other local symmetries are large. Small gauge symmetries
act trivially on boundary fields and must be considered as redundancies in the theory, i.e.,
they must be gauge-fixed. A goodx gauge choice should fix all small gauge transformations
and should lead to a well-posed boundary value problem, meaning that the form of a residual
symmetry in the bulk is completely determined by the boundary values of the symmetry
parameters. Note that the large gauge transformations do not have to be fixed by a gauge
choice. For more details, see Ref. [20].
Local transformations at our disposal are spacetime diffeomorphisms and local AdS
transformations. Let us first focus on local AdS symmetry. A good gauge fixing for our
purposes is the one where the spacetime is AAdS and where residual gauge transformations
contain conformal transformations on the boundary.
The last condition is introduced because we want to have a CFT as a holographic theory.
Too strong gauge-fixing can overkill all residual transformations and give rise to a trivial
holographic theory. Since the bulk theory is gauge invariant only up to boundary terms,
different gauge-fixings can lead to non equivalent boundary theories.
Another important observation is that, in the metric formulation of Riemann gravity,
according to the theorem of Fefferman-Graham (FG) [18], in any AAdS space there is a
coordinate choice so that the metric can be cast in the FG form, that is, with gˆρρ = 1/(2ρ)
2,
gˆρα = 0 and ρgˆαβ(ρ, x) regular on the boundary ρ = 0. Thus, a gauge-fixing choice of the
vielbein and spin-connection must be such that the corresponding metric acquires the FG
form.
The number of gauge parameters of AdS group is D(D+1)
2
, implying that we need the
same number of gauge conditions. We impose the following D conditions on the vielbeins
eˆAρ and
D(D−1)
2
conditions on connection ωˆABρ
eˆAρ = − 1
2ρ
δ1
A , ωˆABρ = 0 . (2.6)
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In the choice of the gauge fixed one has to keep in mind the invertibility of vielbein. There-
fore, all eˆAρ components cannot be set to zero. Furthermore, although in principle a choice of
the radial coordinate is arbitrary, we want to have the Fefferman-Graham coordinate frame,
where the metric component gρρ behaves as 1/4ρ
2, generalized to first order formalism,
which implies the above behavior of the radial component of the vielbein.
To find residual transformations, we look at the restrictions on gauge parameters imposed
by the gauge conditions (2.6) and we find that they have to satisfy
∂ρη
1 = 0 , ∂ρη
a − 1
2ρ
λ1a = 0 ,
∂ρλ
ab = 0 , ∂ρλ
1a − 1
2ρ
ηa = 0 . (2.7)
The equations in η1 and λab are straightforward to solve. To find ηa and λ1a, we combine
the corresponding differential equations and obtain for the parameter ηa
ρ2∂2ρη
a + ρ∂ρη
a − 1
4
ηa = 0 . (2.8)
This is the Euler-Fuchs equation which solution takes the form ηa(ρ) ∼ ρk. Hence, from
(2.8) we get k2 =
1
4
and consequently the general solution is given by
η1(ρ, x) = u(x) , ηa(ρ, x) = 1√
ρ
αa(x) +
√
ρβa(x) ,
λab(ρ, x) = λab(x) , λ1a(ρ, x) = − 1√
ρ
αa(x) +
√
ρβa(x) . (2.9)
We see that our gauge choice is good, as desired, because symmetry parameters in the whole
bulk are determined by a few arbitrary functions u, αa, βa and λab defined on the boundary.
We still have to identify an asymptotic symmetry group defined by these parameters.
The residual gauge parameters which describe asymptotic symmetry group naturally
induce a change of the basis in the Lie algebra J±a = Pa±J1a, so that the Lie-algebra valued
gauge parameter has the form
λ = u(x)P1 +
1√
ρ
αa(x) J−a +
√
ρ βa(x) J+a +
1
2
λab(x) Jab . (2.10)
The AdS algebra in terms of the new generators read[
J+a , J
−
b
]
= 2Jab + 2ηabP1 ,
[
J±a , J
±
b
]
= 0 ,
[Jab, J
±
c ] = −ηacJ±b + ηbcJ±a , [P1, Jab] = 0 ,
[P1, J
±
a ] = ±J±a . (2.11)
Radial decomposition of gauge field and field strength. Up to now the results are
valid for any theory possessing AdS gauge symmetry. From now on we concentrate on
Chern-Simons AdS gravity. For holography, one needs to know how the fields evolve along
the radial direction and to study their near-boundary behavior. Since the radial components
are already fixed by the gauge condition (2.6), now we have to determine the behavior of
the spatial components.
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To this end, we can use invariance of gravity under general coordinate transformations.
In Ref. [21], it was shown that only D− 1 spatial diffeomorphisms are linearly independent
on gauge generators, in a physical system where time-evolution was analyzed. In our case,
we look at the radial quantization of a Hamiltonian, because we are interested in radial
evolution of the fields from the bulk to the boundary. Thus, our independent diffeomorpisms
act only in the transversal section of spacetime, that is, as xα → xα+ξα(ρ, x). Furthermore,
we know that the radial diffeomorphisms are broken by the boundary set at constant radii,
so this choice of quantization is natural in our case.
Thus, we have D − 1 transversal diffeomorphisms to gauge-fix. In Ref. [21] it was
shown that, in any generic Chern-Simons gauge theory (AdS in our case), there is an on-
shell identity Fρα = Fαβ N
β , with D − 1 arbitrary functions Nβ related to the transversal
diffeomorphisms ξα(ρ, x). Therefore, to gauge fix them, we can just set the D− 1 functions
to zero, Nβ = 0. As a consequence, we also get Fρα = 0 or, equivalently, Tˆ
A
ρα = F
AB
ρα = 0.
These conditions are particular for Chern-Simons theory and they arise from its dynamics.
Interestingly, they can be exactly solved using the gauge fixing (2.6), also written as Aρ =
− 1
2ρ
P1. Rewriting the AdS Lie-algebra valued condition Fρα = 0 as (dA + A
2)ρα = 0, we
get
∂ρAα − 1
2ρ
eˆaαJa1 +
1
2ρ
ωˆ1aαPA = 0 .
This first order differential equation in Aα(ρ, x) can be exactly solved, given the initial
condition
Aα(0, x) ≡ eaα(x) J+a + kaα(x) J−a +
1
2
ωabα(x) Jab . (2.12)
The solution is
Aα(ρ, x) =
1√
ρ
eaα(x) J
+
a +
√
ρ kaα(x) J
−
a +
1
2
ωabα(x) Jab . (2.13)
In components, this solution leads to the radial expansion of the gravitational fields ex-
pressed in terms of the boundary fields eaα, k
a
α and ω
ab
α,
eˆaα =
1√
ρ
(eaα + ρk
a
α) ,
ωˆ1aα = − 1√
ρ
(eaα − ρkaα) ,
ωˆabα = ω
ab
α . (2.14)
Thus, this is a generalization of the FG expansion of the bulk metric. Indeed, the metric
gˆµν = eˆ
A
µeˆ
B
νηAB takes the FG form since the line element can be written as
ds2 =
1
4ρ2
dρ2 +
1
ρ
(
gαβ + 2ρk(αβ) + ρ
2kaαkaβ
)
dxαdxβ , (2.15)
where gαβ := η
abeaαe
b
β and kαβ := eaαk
a
β . We conclude that the FG expansion is finite.
Finite FG expansion is typical for Chern-Simons gravity [9] and also for General Relativity
when the Weyl tensor vanishes [8].
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The induced metric γαβ is defined by γαβ = ρgˆαβ. The coefficients in the radial expansion
of γαβ are
γ
(0)
αβ = gαβ , γ
(1)
αβ = 2k(αβ) ,
γ
(2)
αβ = k
a
αkaβ , γ
(n)
αβ = 0 , n ≥ 3 . (2.16)
From the radial expansion of the field-strength we get on the boundary
F a1 = 1√
ρ
(T a − ρ∇ka) , Tˆ 1 = −2eaka ,
F ab = Rab + 4e[akb] , Tˆ a = 1√
ρ
(T a + ρ∇ka) , (2.17)
where T a = ∇ea and Rab = dωab + ωacωcb.
Physical interpretation of the boundary fields can be found from their transformation
law under the residual (boundary) gauge transformations.
Residual gauge transformations. The complete transformation law of the basic dynam-
ical variables in the bulk that include the spacetime diffeomorphisms is given by
δ0eˆ
A
µ = ∇ˆµηA − λAB eˆBµ − ∂µξν eˆAν − ξν∂ν eˆAµ ,
δ0ωˆ
AB
µ = ∇ˆµλAB + 2eˆ[AµηB] − ∂µξνωˆABν − ξν∂ν ωˆABµ , (2.18)
where the last two terms of each line are the Lie derivatives with respect to ξµ. If we make
the following redefinition of parameters,
ηA → ηA + ξµeˆAµ ,
λAB → λAB + ξµωˆABµ , (2.19)
transformations (2.18) take the following form,
δ0eˆ
A
µ = ∇ˆµηA − λAB eˆBµ + ξνTˆAµν ,
δ0ωˆ
AB
µ = ∇ˆµλAB + 2eˆ[AµηB] + ξνFABµν . (2.20)
Due to the condition Fρα = 0, the transformation laws (2.20) of eˆ
A
ρ and ωˆ
AB
ρ with redefined
parameters (2.19) take the same form as in the case when diffeomorphisms are absent in the
transformation law (2.18). Therefore, introduction of diffeomorphisms does not effectively
change the result (2.9).
From the transformation law for ωabα, it follows that ξ
α does not depend on ρ. The
complete transformation law of the gauge fields under residual transformations read
δ0e
a
α = ∇ααa − λabebα + ueaα − ξβ,αeaβ − ξβ∂βeaα ,
δ0k
a
α = ∇αβa − λabkbα − ukaα − ξβ,αkaβ − ξβ∂βkaα ,
δ0ω
ab
α = ∇αλab + 4e[aαβb] + 4k[aααb] − ξβ,αωabβ − ξβ∂βωabα , (2.21)
with
η1 +
ξρ
2ρ
= u(x) , ξα = ξα(x) . (2.22)
Let us note that the residual diffeomorphisms do not change the condition Fρα = 0, as
expected. Their form shows that our gauge choice is good.
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In holography it is important the boundary to be orthogonal to the radial direction. That
is why we shall impose an additional condition eˆ1α = 0, which puts the bulk vielbein in the
block-diagonal form with the only one boundary component eaα(x). The extra condition
reduces the asymptotic symmetries because the parameter βa is not independent any longer,
βa = eaα
(
1
2
∂αu+ k
b
ααb
)
. (2.23)
The generators of the asymptotic group cannot be determined straightforwardly because
a change of the basis of the Lie algebra necessary to identify this subgroup is non-linear,
that is, it depends on the point of spacetime. We shall deduce the algebra directly from the
action on the fields.
Independent transformations acting on the fields are transversal diffeomorphisms or local
translations δT (ξ), local Lorentz rotations δL(λ), local Weyl or conformal transformations
δC(u) and non-Abelian gauge transformations δG(α). Each transformation can be seen as
generated by some generator Ta through the commutator, for example [δG(α
′), δG(α′′)] =
α′aα′′b[Ta, Tb], and similarly for all other transformations. In that way, the asymptotic
algebra closes as
[δT (ξ
′), δT (ξ′′)] = δT ([ξ′, ξ′′]) , [δC(u), δG(α)] = δC(α · ∂u)− δL(λ˜)− δG(uα) ,
[δT (ξ), δL(λ)] = δL(ξ · ∂λ) , [δG(α′), δG(α′′)] = −δC(u˜)− δL(Λ) ,
[δT (ξ), δC(u)] = δC(ξ · ∂u) , [δL(λ, δG(α)] = δG(λ · α) ,
[δT (ξ), δG(α)] = δG(ξ · ∂α) , [δL(λ), δC(u)] = 0 ,
[δL(λ
′), δL(λ′′)] = δL([λ′, λ′′]) , [δC(u′), δC(u′′)] = 0 , (2.24)
where [ξ′, ξ′′]α = ξ′ · ∂ξ′′α − ξ′ · ∂ξ′′α is the Lie bracket and [λ′, λ′′]ab = λ′acλ′′c b − λ′′acλ′cb is
the group commutator. We also introduced the contraction ξ · ∂ = ξβ∂β and the matrix
multiplication (λ ·α)a = λabαb, and defined the auxiliary Lorentz parameters λ˜ab = 2α[a∂b]u
and Λab = 4kc[a(α′cα
′′b] − α′′cα′b]), as well as the Weyl parameter u˜ = 4k[ab]α′aα′′b .
The above brackets are computed by acting on eaα, but their form is field-independent.
The boundary diffeomorphisms, Lorentz rotations and Weyl dilatations close in the stan-
dard way and they form the Weyl subgroup. Furthermore, the non-Abelian extension is
realized non linearly, because the parameters Λ and u˜ explicitly depend on the field kab. To
understand better the origin of such non-Abelian transformations, let us note that
δG(α)e
a
α =
(
∂αα
β
)
eaβ + α
β∂βe
a
α + α
βωabebα + α
βT aαβ , (2.25)
where αβ = αaea
β. Therefore, the gauge transformations can be cast in the form
δG(α)e
a
α = −δT (αβ)− δL(ωabβαβ) + αβT aαβ . (2.26)
Shifting the parameters as ξβ → ξβ +αβ and λab → λab+ωabβαβ helps us identify the inde-
pendent non-Abelian gauge transformations δG(α)e
a
α = α
βT aαβ . From (2.25) and the above
relation we easily conclude that non-Abelian gauge transformations act on the boundary
vielbein independently if and only if torsion is non-vanishing. In the case of vanishing torsion
non-Abelian gauge transformations stop to be independent and they can be represented as
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composition of local translations and local Lorentz rotations with the suitable redefinition
of parameters. Similar conclusion holds when one acts on the boundary spin connection
because it is an independent field only if the torsion is non-vanishing.
Let us now, for completeness, inspect the action of the transformations (2.21) on the
metric gαβ = e
a
αeaβ . We obtain
δ0gαβ = −ξγ,αgγβ − ξγ,βgαγ − ξγ∂γgαβ + 2ugαβ + eaβ∇ααa + eαα∇βαα .
Similarly, as in the the case of vielbein, the action of the non-Abelian gauge transformations
on the metric reads
δG(α)gαβ = −δT (α)gαβ + 2αγT(αβ)γ , (2.27)
Again, we conclude that in the case when torsion vanishes the action of non-Abelian gauge
transformations on the metric reduces to local translations with the already mentioned
redefinition of parameters [4]. The above transformation law of the metric is not usual in
field theories, but is not surprising because we started with local AdS symmetry which mixes
vielbein and spin connection.
3 Noether-Ward identities
The AdS/CFT correspondence between the D-dimensional AdS space and d-dimensional
CFT identifies the quantum effective action in CFT with the classical gravitational action
in AdS space for given boundary conditions. Thus, let us assume that the renormalised
effective action in a holografic theory, Iren[e, ω], has an extremum for Dirichlet boundary
conditions on the independent fields, which are the vielbein, eaα, and the spin-connection,
ωabα, so that its variation takes the form
δIren[e, ω] = −
∫
ddx
(
ταaδ0e
a
α +
1
2
σαabδ0ω
ab
α
)
. (3.1a)
The tensor densities,
ταa = −δIren
δeaα
, σαab = − δIren
δωabα
, (3.1b)
are the energy-momentum and spin currents of our dynamical system.
The holographic theory is invariant under d-dimensional diffeomorphisms with the pa-
rameter ξα and the local Lorentz transformations with the parameter λab. The conservation
law of the corresponding Noether current reads
eaβ∇αταa + ταaT aαβ + 1
2
σαabR
ab
αβ +
1
2
ωabβ(∇ασαab − 2τ[ab]) = 0 , (3.2a)
∇ασαab − 2τ[ab] = 0 , (3.2b)
which is also known as the generalized conservation laws of τα
a and σαab. Note that if the
second Noether identity (3.2b) is fulfilled, the last term in (3.2a) can be omitted. We shall
keep this term, however, because it modifies the conservation law in case when there are
quantum anomalies.
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The invariance of Iren under Weyl transformations leads to the additional conservation
law,
τ −∇βσaaβ = 0 , (3.2c)
where τ := τaa is the trace of the energy-momentum tensor.
Finally, invariance under the non-Abelian gauge transformations leads to
∇αταa − 2σbbckac − 2σbcakcb = 0 . (3.2d)
In Ref. [9], it was proposed that these residual gauge transformations contain the informa-
tion about the chiral anomaly of the fermions in holographic CFT, encoded in the completely
antisymmetric part of the spin current.
Gravitational dynamics in the bulk is described by non-vanishing torsion, but it may
happen that some solutions on the boundary are Riemannian. For such solutions, the
boundary connection ωabα takes its Riemannian value ω˜
ab
α = ω˜
ab
α(e) and can be expressed
in terms of the the vielbein eaα in the following way,
ω˜abα =
1
2
(cabc − ccab + cbca) ecα , caαβ := ∂αeaβ − ∂βeaα . (3.3)
Although boundary connection is no more independent dynamical variable, the Noether–
Ward identities keep the form (3.2), but now ωabα takes on the Riemannian value ω˜abα.
From the Riemannian renormalised action I˜ren = Iren[e
a
α, ω˜α], we get that the related
spin current Σα := −δI˜ren/δωα vanishes, while the energy-momentum current Θαa :=
−δI˜ren/δeaα acquires an additional contribution
Θαa = τ˜
α
a − 1
2
∇˜β
(
σ˜βαa − σ˜aβα + σ˜αaβ
)
, (3.4)
where X˜ denotes the Riemannian limit of a tensor X . The Noether identities for the action
I˜ren are found to be
eaβ∇˜αΘαa − ω˜abβΘ[ab] = 0 , (3.5a)
Θab = Θba , (3.5b)
Θ = 0 . (3.5c)
Let us remind that, as we concluded at the end of the previous section, the non-Abelian
gauge transformations are not independent for Riemannian solutions, thus in this case there
are only three independent Noether identities (3.5).
When the Lorentz invariance is fulfilled, (3.5a) reduces to the usual form Dα(e
−1Θαβ) =
0, where Dα is the Riemannian covariant derivative. The relations (3.5b) and (3.5c) are the
standard Riemannian conditions for the Lorentz and Weyl invariance, respectively.
After using the condition of vanishing torsion, Tabc = 0, the identity [∇˜α, ∇˜β]fa =
R˜abαβf
b and the Bianchi identity, R˜abcd + R˜acdb + R˜adbc = 0, enable to write the expressions
(3.5) as
eaβ∇˜ατ˜αa + 1
2
σ˜αabR˜
ab
αβ +
1
2
ω˜abβ(∇ασ˜αab − 2τ˜[ab]) = 0 , (3.6a)
∇˜ασ˜αab − 2τ˜[ab] = 0 , (3.6b)
τ˜ − ∇˜βσ˜aaβ = 0 . (3.6c)
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Hence, the Riemannian identities (3.5a), (3.5b) and (3.5c) coincide with those obtained from
(3.2a), (3.2b) and (3.2c) in the limit Tabc → 0, as expected. Therefore, taking torsionless
limit and calculating Noether-Ward identities gives an equivalent result as first calculating
the Ward identities and taking torsion zero [22]. This is important when we do not know
whether the torsion vanishes. Therefore, one may safely work in first order formalism
assuming the boundary conditions and gauge fixing presented previously.
4 Lovelock-Chern-Simons gravity
4.1 Action and equations of motion
The Lovelock-Lanczos gravity [15] in first order formulation is described by the action
IL =
[D/2]∑
p=0
αpLp , (4.1a)
where αp are arbitrary coupling constants and Lp is dimensionally continued Euler density
in D dimensions,
Lp = εi1i2...iDR
i1i2 . . . Ri2p−1i2pei2p+1 . . . eiD . (4.1b)
Here p is the power of the curvature tensor in the polynomial Lp. We omit writing the
wedge product for the sake of simplicity.
Lovelock-Lanczos gravity possesses numerous black hole solutions with Riemannean ge-
ometry [23, 24, 25], although some choices of the coupling constants {αp} exhibit a causality
problem in the dual CFT [26], or have instable geometries [27, 28]. Generic Lovelock grav-
ity without torsion possesses the same number of degrees of freedom as general relativity
[29]. With torsion, or when the parameters take the critical values, the dynamical content
of Lovelock-Lanczos gravity might change. Solutions in these cases are known as well, for
example the ones with Riemann-Cartan geometry in five dimensional gravity [30, 31] and
supergravity [32].
In odd-dimensional case D = 2n + 1, the special choice of coefficients αp =
κ
2n+1−2p
(
n
p
)
defines theory with the unique (degenerate) AdS vacuum, known as Lovelock Chern-Simons
(LCS) AdS gravity. Alternatively, LCS action can be constructed as a Chern density by
taking the topological invariant, Chern form dLCS = εi1j1...injnF
i1j1 . . . F injn , and writing
LCS by using holonomy operator [14, 33]. Then, an equivalent form of LCS action is given
by
ILCS = κ
∫
M
1∫
0
dt εA1B1A2B2...AnBnC
n∏
k=1
(
RˆAkBk + t2eˆAk eˆBk
)
eˆC . (4.2)
Dropping the indices for simplicity, the above expression reads
ILCS = κ
∫
M
1∫
0
dt ε
(
Rˆ + t2eˆ2
)n
eˆ = κ
∫
M
n∑
k=0
(
n
k
)
1
2k + 1
εRˆn−keˆ2k+1 , (4.3)
where we used the binomial expansion to perform an integration over t.
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Equations of motion are obtained from the variation of the action (4.3) with respect to
fundamental variables eˆA and ωˆAB. Variation with respect to eˆ yields
CA := εAA1B1...AnBn
n∏
k=1
FAkBk = 0 , (4.4)
which can be split into 1 and a components,
C := ε1a1b1...anbn
n∏
k=1
F akbk = 0 , (4.5a)
Ca := εa1ba2b2...anbnF
1b
n∏
k=2
F akbk = 0 . (4.5b)
Variation with respect to ω yields
CAB := εABA1B1...An−1Bn−1C
n−1∏
k=1
FAkBk TˆC = 0 , (4.6)
and can be split into [1a] and [ab] components,
C¯a := ε1aa1b1...an−1bn−1c
n−1∏
k=1
F akbk Tˆ c = 0 , (4.7a)
Cab := ε1aba1b1...an−1bn−1
n−2∏
k=1
F akbk
(
F an−1bn−1Tˆ 1 + (n− 1)F 1an−1Tˆ bn−1
)
. (4.7b)
Let us note that Tˆ a = 0 is a particular solution of the equations (4.7) belonging to the
Riemannian sub-class of all solutions of the theory. Also, the global AdS space (F ab = 0) is
a particular solution of all equations of motion.
4.2 1-point functions
In this section we calculate the renormalized gravitational LCS action in the classical ap-
proximation. Then we use the AdS/CFT correspondence to promote it to the quantum
effective action in a holographic CFT, and compute the holographic 1-point functions.
The variation of the LCS action reads
δILCS = nκ
∫
∂M
1∫
0
dtεABCA1B1...An−1Bn−1δωˆ
AB eˆC
n−1∏
k=1
(
RˆAkBk + t2eˆAk eˆBk
)
. (4.8)
To perform a near-boundary expansion of the fields, let us first rewrite the following quantity
in terms of the AdS tensor,
RˆAkBK + t2eˆAk eˆBk = FAkBk + (t2 − 1)eˆAk eˆBk .
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the first term in the above expression is independent of ρ since on the boundary eˆ1 = 0, and
therefore the particular components expand as
Rˆakbk + eˆak eˆak = F akbk ,
Rˆak1 + eˆak eˆ1 =
1√
ρ
(T ak − ρ∇kak) . (4.9)
Plugging these expansions in the variation of the action, we find
δILCS = nκ
∫
∂M
ε δωˆ
n−1∑
k=0
(
n− 1
k
)
(−1)k(2k)!!
(2k + 1)!!
F n−k−1eˆ2k+1 , (4.10)
where we used the beta function to solve the integral
∫
0
1dt(t2 − 1)k = (−1)
k(2k)!!
(2k + 1)!!
.
Variation (4.10) is divergent on the boundary, that is, in the limit ρ→ 0 and extraction
of physical quantities requires its renormalisation, or removal of divergences. For related
work on Riemannian Lovelock gravity, see Ref. [5].
The procedure for obtaining finite results consists in introducing a regulating surface
at ρ = ǫ and adding the counterterms which cancel all divergent contributions as ǫ tends
to zero [8, 34]. Equivalently said, the divergent terms in a variation of an action have
to be represented as total variations of local terms integrated over boundary. In general,
the computation of the total variation can be substantially simplified after noting that the
conditions for the application of the theorem [19] are fulfilled in our case. For an alternative
proof of the theorem [19], see appendix C. The theorem [19] states that the terms which
are asymptotically divergent or zero (when ρ → 0) can always be represented as total
variations of local boundary functionals. Therefore, we can discard all ρα (α 6= 0) terms in
the expression (4.10) and keep only the ρ0-terms. For the form of the ρα-terms (α 6= 0),
see appendix B. Note that the counterterms can contain arbitrary local finite part which
is non-physical and depends on a renormalisation scheme. The divergent counterterms are
local and there is finite number of them. They also depend on only one coupling constant
κ. Counterterms in Riemannian gemetry were calculated in Ref. [35].
Keeping only the finite terms, we obtain the variation of the regularized action Iren =
ILCS + Ict in the form
δIren = −2nκε
[
δωT
n−2∑
l=0
(
n− 2
l
)
(−1)l22l+1(n− 1)
l + 1
(R + 4ek)n−2−lelkl+1
− δe
n−1∑
l=0
(
n− 1
l
)
(−1)l22l+1
l + 1
(R + 4ek)n−1−lelkl+1
]
, (4.11)
where T = ∇e is the boundary torsion tensor. Comparing to (3.1), the spin and energy-
momentum currents are given by, respectively,
σab = −nκ ε1ab T
n−1∑
l=1
(
n− 1
l
)
4lRn−1−lel−1kl , (4.12)
τa = κ ε1a
n∑
l=1
(
n
l
)
4lRn−lel−1kl , (4.13)
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and they correspond to the vevs of the quantum CFT operators, the spin-current Sab and
the energy-momentum of the conformal matter Ta,
σab = 〈Sab〉CFT , τa = 〈Ta〉CFT . (4.14)
Using these representations of the 1-point functions of the CFT operators, we can study
their quantum conservation laws, that is, the Noether-Ward identities.
4.3 Anomalies
The equations (3.2) describe classical conservation laws in a holographic theory invariant
under diffeomorphisms, conformal transformations and non-Abelian gauge transformations.
Since now we know the form of the corresponding quantum currents, we can also check the
quantum conservation laws. If the law is not satisfied, then the quantum theory possesses
a quantum anomaly.
In this section we explore the Ward identities and check for the existence of quantum
anomalies: Lorentz anomaly Aab, diffeomorphism anomaly A¯a, conformal anomaly A and
gauge anomaly Aa. It is well-known that there are two types of non-Abelian anomalies, co-
variant and consistent. All the anomalies we compute here are covariant, i.e., they transform
covariantly under gauge symmetries.
Lorentz Ward identity. The conservation law for Lorentz symmetry is given by Eq.(3.2b),
so we have to calculate the quantity
Aab = ∇σab − 2e[aτb] . (4.15)
Using the expressions (4.12) and (4.13) for the quantum currents, we find
Aab = −4nκεab
[
2(n− 1)T∇k
n−2∑
l=0
n−2−l∑
m=0
(
n− 2
l
)(
n− 2− l
m
)
4m(l +m+ 1)Rn−2−l−mel+mkl+m
+ eck
c
n−1∑
l=0
n−1−l∑
m=0
(
n− 1
l
)(
n− 1− l
m
)
(−1)l22l+2m+1(l +m+ 1)
l + 1
Rn−1−l−mel+mkl+m]
]
.
It turns out that Aab can be completely expressed in terms of the field equations, that means
that it vanishes,
Aab = −4nκCab = 0 . (4.16)
Therefore, there is no Lorentz anomaly in the holographic theory because the Lorentz sym-
metry is conserved also quantically. This is an expected result, since the Lorentz symmetry
is usually broken in the actions that are not parity invariant.
Ward identity for diffeomorphisms. The conservation law for local translations has the
form (3.2a),
A¯a = ∇τa − (IaT bτb + 1
2
IaR
bcσbc) , (4.17)
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where Ia is the contraction operator with the spacetime index projected to the tangent
manifold using the inverse vielbein ea
α. Plugging in the quantum currents (4.12) and (4.13),
one can show that the conservation law is satisfied,
A¯a = 4nκ (k
b
aCb − C¯a) = 0 . (4.18)
Therefore, there is no gravitational anomaly, as expected.
Conformal Ward identity. The conservation law for local Weyl transformations can be
read off from Eq. (3.2c) as
A = eaτa +∇(eaIbσab) , (4.19)
where eaτa is the trace of energy-momentum tensor, so A is also called the trace anomaly.
Using the field equations and discarding the total divergence, one can show that the trace
anomaly has the form
eaτa = κ εa1b1a2b2 ... anbnR
a1b1Ra2b2 ...Ranbn = κ En(R) . (4.20)
Thus, the holographic anomaly is non-vanishing and, up to a divergence, proportional to
the Euler density En(R) = εRn, as expected in a CFT dual to a higher-dimensional AdS
gravity [36]. Since the Weyl anomaly is topological invariant, it is of the type A, according
to the general classification of conformal anomalies given in Ref. [37].
Ward identity for gauge symmetry. The conservation law for non-Abelian gauge trans-
formations is given by Eq. (3.2d) as
Aa = ∇τa − 2(ebσbck ca + kbσba) . (4.21)
Using (4.12) and (4.13), as well as the equations of motion, we can express it as
Aa =− 2nκ ε1b IaT b
n−1∑
l=0
(
n− 1
l
)
(−1)l22l+1
l + 1
(R + 4ek)n−1−lelkl+1
− 4nκ ε1bcT
(
1
2
IaR
bc − 2ebk ca
) n−2∑
l=0
(
n− 2
l
)
(−1)l22l+1(n− 1)
l + 1
(R + 4ek)n−2−lelkl+1
+ 8nκε1aT
n−2∑
l=0
(
n− 2
l
)
(−1)l22l+1(n− 1)
l + 1
(R + 4ek)n−2−lelkl+2 6= 0 .
(4.22)
The above holographic anomaly is in general non vanishing, but it cancels out when the
torsion is equal to zero, as expected. Indeed, when T a = 0, the non-Abelian gauge symmetry
is not independent, but it can be expressed in terms of the diffeomorphisms, which are
conserved at the quantum level. Another derivation of this result is possible by noting that
in this particular case the spin tensor vanishes and both Eqs. (3.2a) and (3.2d) reduce to
∇˜ατ˜αα = 0 . (4.23)
Again non-Abelian gauge anomaly vanishes since Aa = 0.
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5 Concluding remarks
We analyzed a holographic dual of Lovelock Chern-Simons AdS gravity in an arbitrary odd
dimension and calculated corresponding holographic currents and anomalies in the quantum
CFT. First part of the work is devoted to the kinematics of gravitational theory with
AdS gauge symmetry. After motivating a gauge fixing suitable for a holographc analysis,
we calculated residual (asymptotic) symmetries. Then we focused to Chern-Simons AdS
gravity. We concluded that the largest asymptotic symmetry consists of local translations
and rotations (local Poincare´ group), local Weyl rescalings and, in the presence of torsion
on the boundary, of non-Abelian gauge symmetry. If the torsion on the boundary is zero,
then a non-Abelian symmetry is not independent any longer and reduces to local Poincare´
transformations.
We found holographic representations of the energy-momentum and spin tensors in a
dual theory, which we identified with the corresponding 1-point functions in CFT, in the
presence of sources. We also computed their conservation laws and obtained that some of
quantum symmetries are broken, leading to quantum anomalies. Explicitly, we obtained
that local translations and rotations are symmetries of the quantum theory, while Weyl
rescalings and non-Abelian gauge symmetry are anomalous. Similarly as in five dimensions
[9], the trace anomaly is proportional to the Euler density and is therefore of the type A.
Because of non-linearity of the model and working in higher-dimensional Riemann-
Cartan space, the regularization of the action was quite involved. However, with the help
of a general renormalization theorem shown in appendix C, it was possible to circumvent
an explicit construction of divergent counterterms and extract directly its finite part. An
alternative proof of the theorem is given in Ref. [19].
One of the open questions left for future work is an application on non-Abelian gauge
transformations to the calculation of chiral anomaly. Namely, in Ref. [9] it was suggested
that the chiral anomaly is related to the completely antisymmetric component of the torsion
tensor. Another question would be to find a different gauge fixing of either transversal
diffeomorphisms or local AdS symmetry, in order to obtain an infinite radial expansion of
the fields, and possibly the type B anomaly. This would describe an inequivalent holographic
theory. Finally, we are also interested in introducing a gauge-fixing which breaks relativistic
covariance in an arbitrary Poincare´ gauge theory, and is suitable for the formulation of
Lifshitz holography. This last topics is the work in progress.
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A AdS algebra
The algebra of generators JA¯B¯ = −JB¯A¯ (A¯, B¯ = 0, 1, . . . , D) of AdS group SO(D − 1, 2) if
given by
[JA¯B¯, JC¯E¯ ] = ηB¯C¯JA¯E¯ + ηB¯C¯JA¯E¯ − ηA¯C¯JB¯E¯ − ηB¯E¯JA¯C¯ , (A.1)
where ηA¯B¯ = (−1, 1, . . . , 1︸ ︷︷ ︸
D−1
,−1). Introducing the splitting of indices A¯ = (A,D) and with
PA = JAD ,
JAB = −JBA , A, B = 0, 1, . . . , D − 1 , (A.2)
the algebra (A.1) (after taking into account that ηDD = −1) takes the familiar form
[PA, PB] = JAB ,
[PA, JBC ] = ηABPC − ηACPB ,
[JAB, JCE] = ηBCJAE + ηAEJBC − ηACJBE − ηBEJAC . (A.3)
B Variation of LCS action
In this appendix we present the non-vanishing parts of the variation of LCS action given by
Eq. (4.10),
δILCS =
n∑
j=0
1
ρj
δIj . (B.1)
We find the following terms, with 1 ≤ j ≤ (n− 2):
δIn = εa 1 a1b1...an−1bn−1c δe
aecK−(n−1) ,
δIn−1 = εaba1b1...d1c δω
abec∇edJ−(n−2) +
+εa1a1b1...an−1bn−1c
[
δeaecK−(n−2) + (δe
akc − δkaec)K−(n−1)
]
,
δIj = ε1abcda1b1...δω
ab
[
ec∇edJ−(j−1) − (ec∇kd − kc∇ed)J−j − kc∇kdJ−(j+1)
]−
−ε1aca1b1...an−1bn−1
[
δeaecK−(j−1) + (δe
akc − δkaec)K−j − δkakcK−(j+1)
]
,
δI0 = ε1abcda1b1...δω
ab
[
ec∇edJ1 − (ec∇kd − kc∇ed)J0 − kc∇kdJ−1
]−
−ε1aca1b1...an−1bn−1 [δeaecK1 + (δeakc − δkaec)K0 − δkakcK−1] , (B.2)
and
Kα =
n−1∑
l=0
(
n− 1
l
)
(R + 4ek)n−l−1Alα e
l−αkl+α ,
Jα = (n− 1)
n−2∑
l=0
(
n− 2
l
)
(R + 4ek)n−l−2Alα e
l−αkl+α , (B.3)
where
Alα =
(−1)l4ll!2
(2l + 1)(l − α)!(l + α)! . (B.4)
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C Alternative proof of the renormalisation theorem
In this appendix we show an alternative derivation of the results of Ref. [19].
Theorem 1 A surface counterterm can be added to an action of any classical field theory
in the bulk to cancel all the terms which depend on the radial coordinate in an on-shell
variation, if any of the following conditions are satisfied:
1. The bulk has the topology R× ∂M ;
2. The boundary has a finite number of disjoint pieces and near each one the bulk looks
like R× ∂M .
Here, ∂M is any manifold without boundary with the coordinates xα and the radial coordinate
is labeled by ρ. If the fields have asymptotic expansion near the boundary of the form
φi =
∑
n f
i
n(ρ)φ
i
n(x
α), where f in(ρ) are functions that depend only on ρ and φ
i
n(x
α) are
(ρ-independent) boundary fields, then the counterterm is a local functional of the boundary
fields.
Let the action in D + 1 dimensional bulk M is defined in language of differential forms
as
S =
∫
M
L . (C.1)
A variation of the action (C.1) takes the form
δS =
∫
M
δL =
∫
M
e.o.m. +
∫
M
dD+1L
B
D (C.2)
where e.o.m are the terms proportional to the equation of motion. Formula (C.2) is also
valid without integral and it will be used in that form later. By using the Stoke’s theorem,
we can write the last term in (C.2) as∫
M
dD+1L
B
D =
∫
∂M
LD , (C.3)
where the boundary of M is placed at fixed distance ρ = ε near (but not equal) zero and
LD := L
B
D
∣∣
ρ=ε
. Let ∂M be a boundary at each ρ. The most general D-form LD near the
boundary is
LBD = LD + dρ ∧ V , (C.4)
where V is an arbitrary (D−1)−form. The exterior derivative in the bulk can be decomposed
near the boundary as
dD+1 = ∂ρdρ+ d , (C.5)
where d is the exterior derivative at the boundary and dρ is the derivative along the direction
ρ. From Eqs. (C.2), (C.4) and (C.5), we get on-shell
δL = dρ ∧ ∂ρLD − dρ ∧ dV . (C.6)
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Equivalently, this can be rewritten as
∂ρLD = δU + dV (C.7)
where δL = dρ ∧ δU . Hence, from (C.7) it follows that
LD = δA+ dB +R(x
α) (C.8)
where A =
∫
dρU , B =
∫
dρV and R(xα) does not depend on ρ. This conclusion is valid
under the assumption that the right side of the Eq. (C.7) is integrable and that the derivative
and integral mutually commute. Therefore, LD is a sum of a total variation, exact form and
a function which does not depend on ρ.
Consequently, we get ∫
∂M
LD = δ
∫
∂M
A+
∫
∂M
R , (C.9)
where we used the fact that an integral of the exact form dB vanishes due to the Stoke’s
theorem and because the boundary of a boundary is an empty set. After substituting (C.9)
into (C.2) we obtain on-shell
δ(S − Sct) =
∫
∂M
R , (C.10)
where Sct =
∫
∂M
A. Since R is ρ−independent, the expression (C.10) is well-defined at
the boundary ρ = 0. Thus, all ρ−dependent terms can be eliminated by adding a suit-
able counterterm. An important observation is that this counterterm is unique. Given an
asymptotic solution of the field equations, a near-boundary behavio is fixed. Furthermore,
the counterterm is obtained from th Lagrangian, thus it depends on the same parameters.
In other words, we do not include new parameters in the theory. If the starting Lagrangian
has a finite number of parameters, so it does the renormalised Lagrangian.
As the counterterm is obtained as a primitive function of local functions, it is not neces-
sarily local. The near-boundary expansion method is, however, able to determine only local
counterterms.
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